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We present a similarity law for form drag coefﬁcients, which is obtained by a judicious utilization of
an energy dissipation equation due to eddy viscosity for incompressible turbulent ﬂow, the steady-state
κ–ω turbulence model, and the Kolmogorov turbulence dissipation length scales. It is shown that the
form drag coefﬁcients of three geometrically similar vessels subjected to turbulent ﬂows are scaled
according to Cp ¼ fc1þc2Re
1=3þc3Re
1g where ðCp;Re; ci ði¼ 1;2;3ÞÞ are the form drag coefﬁcient
ratio, the mean ﬂow Reynolds number ratio, and ci are closure coefﬁcients to be determined from
existing geometrically similar vessels, respectively. The present theoretical form factor methodology is
applied to predict the full scale form factor from the scaled towing tank experiment based on three
simulation results, which show improved correlations compared to the empirical least-squares
prediction methods.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
1. Introduction
A major goal in the design of aerospace and/or marine vehicles
is to reduce drag emanating from skin friction as well as form drag
(or pressure drag). Thanks to the century-old legacy of aerospace
and marine vehicle design activities, there exist a host of base-line
designs from which one can improve the efﬁciency of existing
geometrically similar vehicle types, or design a new class of scaled-
up vehicles. The concurrent increase in both the vehicle size and
the operation speed inherently subject the modern air and marine
transportation vehicles, as well as wind energy blades, to turbu-
lent ﬂow ranges. In scaling-up design iterations, an important
design parameter that is needed is drag coefﬁcients due to skin
friction and form drag. Skin friction (more precisely skin friction
coefﬁcient) for a new design can be estimated based on the power
and/or logarithmic laws (Hinze, 1975; ITTC, 1957; Prandtl, 1905;
Schlichting, 1979; Prandtl, 1921; von Karman, 1934), among others.
Hence, designers can estimate the drag due to skin friction in their
assessment of overall aerodynamic or hydrodynamic performance.
When the aspect ratio (i.e., thickness-to-length ratio) is small
such as thin plates, the form drag remains insigniﬁcant. However,
when the vehicle cross section bulges out signiﬁcantly as typically
the case for surface ships, the form drag constitutes a signiﬁcant
part of the total drag loss. It is generally accepted that the form
drag in turbulent ﬂows is caused by the viscous pressure applied
on a vehicle surface. However, there exist scant proposed formulas
or rational estimation procedures for the estimation of form drag
coefﬁcient. In ship hydrodynamics, for example, the prevailing
ITTC practice determines the total viscous drag coefﬁcient from a
scaled-model test in which the wave-making resistance can be
considered minimal or non-existent. The difference between the
ITTC1957 skin friction line and the viscous drag coefﬁcient is then
deemed to be due to the form drag. This form drag coefﬁcient
which is expressed as a percentage of the skin friction coefﬁcient,
known as form factor, is then assumed to remain constant for the
full model (ITTC, 1957). In an effort to improve the prediction of
form factors, several investigators proposed various schemes
ranging from a least-squares data ﬁt (García-Gómez, 2000; Min
and Kang, 2010) to CFD-based prediction (Kim and Menon, 1997;
Kouh et al., 2009). To date, there exist no comparable theory or
formula that one can rely to estimate form factors as is the case for
skin friction.
The present study is an attempt to develop an engineering
scaling law for estimating the power loss due to form drag in
turbulent ﬂows, which may be utilized in the design of geome-
trically similar full model vehicles, provided there exist form drag
data for geometrically similar scale-model vehicles. In so doing, we
observe that energy loss consists of two sources: the ﬁrst due to
skin friction near the wall/boundaries and the second due to the
energy dissipation of locally isotropic Kolmogorov-scale (η) turbu-
lence away from the boundaries or simply due to eddy viscosity.
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As for the skin friction loss, we accept that the near wall/boundary
energy loss is accounted for by relying on the ITTC skin friction
formula for surface vessel design. As for energy loss due to the
viscous pressure – caused form drag in turbulent ﬂows, we
stipulate that the bulk of energy loss due to viscous pressure –
caused form drag – is associated with eddy viscosity dissipation
away from the submerged vessel surface. In other words, the
dominant energy loss mechanisms away from the wetted surface
are due to eddy viscosity dissipation, which in turn accounts for
energy loss due to viscous pressure – caused form drag. This
stipulation allows us to relate the form drag to the energy loss
terms in turbulence in the energy equation (see, e.g., Stewart,
1942; Stewart and Townsend, 1951; Daly and Harlow, 1970;
Wilcox, 2008).
It turns out that, in order to relate the energy loss terms of one
scale to those of another scale, one needs the scaling relations of
the kinematic eddy viscosity (νt), the turbulence kinetic energy (k),
the Kolmogorov eddy scale (η), the mean ﬂow length scale (ℓu), the
mean ﬂow velocity (U), and their interrelations. This puts us to
employ a suitable turbulence model. We note that, although the
turbulence kinetic energy (TKE) equation should, in principle,
provide the needed interrelations among the preceding ﬁve vari-
ables, the TKE closure problem remains open problems; hence, we
are unable to employ it in the present study. Among several
proposed turbulence models (see, e.g., Landau and Lifshitz, 1959;
Smagorinsky, 1963; Launder and Spalding, 1974; Hinze, 1975;
Launder et al., 1975; Launder, 1989; Lilly, 1992; Spalart and
Allmaras, 1992; Menter, 1992, 1994), we have chosen the k–ω
turbulence model (Kolmogorov, 1942; Saffman, 1970; Wilcox, 1988,
2004), primarily because of our familiarity with it. We are aware of
that what we are adopting is an isotropic turbulence model, not
anisotropy turbulence theories (Biferale and Procaccia, 2005; Tong
et al., 1990), by invoking the Kolmogorov hypothesis, viz., in
turbulent ﬂows, energy dissipation occurs in the Kolmogorov eddy
scales for which isotropic turbulence assumption is assumed to be
valid. Should anisotropic/intermittency theories prove to be applic-
able for form drag estimation, we believe the present methodology
would apply. The rest of the paper is organized as follows.
Section 2 begins with the resistance expression that consists of
the skin friction resistance and form drag (or viscous pressure)
resistance. The ratio of the form drag for two geometrically similar
vessels are then related to the ratio of the energy loss expressions.
It is this ratio that the present paper seeks to determine.
Section 3 introduces the k–ω turbulence model together with
the Kolmogorov scale to extract similarity-obeying conditions
among the ﬁve variables ðνt ;η; k;ℓu;UÞ. It is found that the k–ω
turbulence model does not satisfy complete similarity require-
ments. To alleviate this difﬁculty, it is rearranged in powers of the
small parameter ϵt ¼ Re151 where Re is a characteristic Rey-
nolds number. Similarity laws are then applied separately to each
power of ϵt, which is analogous to a procedure adopted in classical
asymptotic nonlinear analysis. A surprisingly simple relation is
obtained for the ratio of eddy to mean-ﬂow length scales given by
ℓt=ℓu ¼ Re1=3 where the over bar denotes the ratios of appro-
priate variables for two geometrically similar vessels.
Section 4 derives a theoretical ratio of the form drag coefﬁ-
cients of two geometrically similar vessels solely in terms of their
Reynolds number ratio. Section 5 summarizes the main results of
the present study along with limitations of the present results and
future work being carried out.
2. Problem statement
Our objective is to ﬁnd a scaling law for the total resistance
(Rtotal) consisting of the wave-making resistance (RW), the
resistance due to skin friction (Rf) and due to form (or viscous
pressure) drag emanating from the energy dissipation associated
with the eddies (Rp) in incompressible turbulent ﬂows. To this end,
we express the total resistance (Rtotal) as
Rtotal ¼ RWþRV
RV ¼ Rf þRp ¼ CV 12 ρU2A; CV ¼ Cf þCp ð2:1Þ
where ðCW ;CV ;Cf ;Cp;ρ;U;AÞ denote the wave-making resistance
coefﬁcient, the viscous resistance coefﬁcient, the skin friction
resistance coefﬁcient, the form drag (or viscous pressure resis-
tance) coefﬁcient, the density, the mean-ﬂow velocity, and the
wetted surface area of the vessel of interest, respectively.
For subsequent analysis, we focus on the viscous drag, assum-
ing that the viscous drag can be obtained either by assuming that
the wave-making resistance is known or it can be effectively
neglected by a careful low speed setup of the towing tank
experiment. Hence, from now on we limit ourselves to the viscous
drag only.
For a class of geometrically similar vessels, we wish to ﬁnd a
scaling functional ðC ðRe;ℓÞÞ that relates the viscous resistance
coefﬁcient of one scale to that of another scale in the form of
CðaÞV ¼ C ðRe;ℓÞCðbÞV ; Re ¼
Rea
Reb
; ℓ ¼ ℓ
a
ℓb
ð2:2Þ
and similarly for the skin friction and form drag coefﬁcient, where
superscripts (a; b) refer to two different geometrically similar
vessels, and ðℓa;ℓbÞ are characteristic lengths of the two vessels.
In this paper we adopt the log-law skin friction coefﬁcient (Cf)
that is expressed as (cf., Schlichting, 1979)
Cf ¼ αðlog 10ReβÞγ ðRf ¼ Cf 12 ρU2AÞ ð2:3Þ
where ðα;β; γÞ are constants proposed by various investigators.
What remains to be done is the determination of the form drag
coefﬁcient (Cp) that is needed for the computation of the form drag
(or eddy-making resistance) expressed as
Rp ¼ Cp 12 ρU2A ð2:4Þ
The difﬁculty in expressing the eddy-making resistance in terms of
mean-ﬂow speed (U) is that the turbulence kinetic energy (TKE)
associated with the eddies (k) is given by
k¼ 1
2
∑
3
i ¼ 1
〈ui 0ui 0〉 ð2:5Þ
where ui 0 is the ﬂuctuating turbulence velocity, and 〈  〉 denotes
averaging operator.
Since our objective is to ﬁnd a scaling law governing the eddy-
making resistance coefﬁcients, we express the ratio of form drag
coefﬁcients from (2.4) as
Cp ¼
Csp
Cfp
¼ R
s
p
Rfp
" #
1
ρU
2
A
" #
; ρ ¼ ρ
s
ρf
; U ¼ U
s
Uf
; A ¼ A
s
Af
ð2:6Þ
where superscripts ðs; f Þ refer to two geometrically similar scales.
The above equation, circuitous it may seem, leads us to ﬁnd Cp
if we know the ratio of the eddy-making resistance. This is derived
as follows.
The energy conservation for incompressible ﬂows can be
expressed as (Stewart, 1942; Wilcox, 2008)
∂
∂t
ρ
1
2
uiuiþk
  
þ ∂
∂xj
ρuj
1
2
uiuiþk
  
¼ ∂
∂xj
uiðτuijþρτtijÞþρðνþσnνtÞ
∂k
∂xj
 
ð2:7aÞ
τuij ¼ 2μSij; τtij ¼ 2νtSij
2
3
kδij; Sij ¼
1
2
∂ui
∂xj
þ∂uj
∂xi
 
ð2:7bÞ
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In the above energy equation, internal energy and enthalpy are
omitted as we address an isothermal case; ðμ;νtÞ are the ﬂuid
viscosity and the kinematic eddy viscosity, respectively; and, σn is
a closure coefﬁcient.
Of the above energy equation (2.7a), we recognize that energy
dissipation terms due solely to turbulence (Et) is given by
Et ¼ ρ
∂
∂xj
2νtuiSijþðνþσnνtÞ
∂k
∂xj
 
ð2:8Þ
Remark 1. The above energy dissipation is valid for isotropic
turbulence. We adopt this expression by invoking the Kolmogorov
hypothesis that states the energy dissipation in turbulence which
occurs due to viscosity when the eddy size reaches the Kolmo-
gorov scale for which turbulence becomes largely isotropic. In
other words, we assume that the two turbulence variables, ðνt ; kÞ,
are associated with the Kolmogorov eddy size when (2.8) is
applicable. What remains to be done is to relate the eddy
resistance(Rp) to the above energy dissipation (Et). This is accom-
plished by invoking a hypothesis stated in Introduction: In
turbulent ﬂow ranges, far-ﬁeld (that is, away from the vehicle
surface) eddy viscosity-driven energy loss indirectly accounts for
the bulk of energy loss due to viscous pressure-caused form drag.
This hypothesis allows us to relate the eddy-making resistance (Rp)
to the energy dissipation due to turbulence(Et) as
dRputpEt dV ; dRp ¼ Cp12 ρU2 dA; ut ¼
ﬃﬃﬃ
k
p
ð2:9Þ
where ut is an average ﬂuctuating velocity for isotropic
turbulence ﬂow.
Substituting (2.9) into (2.6), we obtain
Cp ¼ E
s
t
Eft
" #
ℓ
ρU
2
ut
" #
; ut ¼ u
s
t
uft
¼
ﬃﬃﬃﬃ
ks
kf
s
;
dVs
dVf
¼ ℓ3u;
dAs
dAf
¼ ℓ2u ð2:10Þ
The above equation shows that the scaling of the eddy-making
resistance coefﬁcients depends on the ratio of the energy dissipa-
tion due to turbulence scales. On examining Eq. (2.8), this ratio
depends on scaling and spatial variations of three ﬂow variables
ðνt ;U ; kÞ. This is addressed in the next section.
3. Determination of eddy viscosity-related similarity
parameters
The difﬁculty in scaling of turbulence-caused parameters is
manifested in the fact that the eddy viscosity νt depends in a
complex manner on the turbulent ﬂow characteristics (Landau and
Lifshitz, 1959; Hinze, 1975). In the present study of a plethora of
turbulence models proposed by various investigators (Hinze, 1975;
Landau and Lifshitz, 1959; Launder and Spalding, 1974; Launder
et al., 1975; Launder, 1989; Lilly, 1992; Menter, 1992, 1994) we
employ the steady-state κ–ω turbulence model (Kolmogorov,
1942; Saffman, 1970; Wilcox, 1988, 2004) to identify a functional
relation of the eddy viscosity and ﬂow characteristics for incom-
pressible turbulent ﬂow:
ðuðνþσkνtÞ∇Þ  ∇kσk∇k  ∇νtþβωkνtg ¼ 0 ð3:1aÞ
ðuðνþσωνtÞ∇Þ  ∇ωσω∇ω ∇νtþβnω2αg ¼ 0 ð3:1bÞ
νt ¼ μt=ρ¼ k=ω g ¼
∂ui
∂xj
þ∂uj
∂xi
 
∂ui
∂xj
; i; j¼ 1;2;3: ð3:1cÞ
where k is the turbulence kinetic energy, ω is the speciﬁc
dissipation rate, νt is the kinematic eddy viscosity, and
ðσk;σω;β;βn;αÞ are empirically determined closure coefﬁcients
amassed from various turbulence kinetic theories, and computa-
tional and experimental correlations (Wilcox, 2004).
It should be noted that the use of the steady-state κ–ω
turbulence model is in keeping with part of Kolmogorov's original
hypothesis: “… the ﬁne pulsations of the higher orders are subjected
to approximately space-isotropic statistical régime. Within small
time-intervals it is natural to consider this régime approximately
steady even in the case, when the ﬂow in the whole is not steady
(Kolmogorov, 1991, p. 10).” Note also that the above κ–ω turbu-
lence model (3.1a)–(3.1c) remains valid away from the wall. At and
near the wetted wall, special constitutive laws are invoked, which
is conﬁgured to capture the log-law of skin friction.
It turns out that the κ–ω turbulence model (3.1a)–(3.1c) that
we are about to utilize to obtain similarity relations does not
satisfy complete similarity laws. To overcome this, ﬁrst we express
the κ–ω model as
f 0ðk;ω;νtÞþϵt f 1ðk;ω;νtÞ ¼ 0; ϵt51 ð3:2Þ
Second, we observe that asymptotic analysis consists of identify-
ing the terms with equal powers of ϵt and solving the resulting
equations corresponding to each power of ϵt. Employing an
analogous approach used in asymptotic analysis, we invoke the
similarity laws separately to ϵt0 and ϵt1 terms as expressed below:
kequation:
νtgþu ∇k|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵ0t term
fν∇2þσkðνt∇2þ∇νt  ∇Þβωgk¼ 0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵ1t term
Magnitude:
νt jgjþu0
jkj
ℓt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵ0t term
ϵt ½
ν
νt
þ1νt
ν
ut
jkj
ℓt|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵ1t term
u0 ¼ juj; ut ¼ k1=2; ϵt ¼ Re1T ¼
utℓt
ν
 1
51;
ut
u0
51;
νt
ν
ut
u0
 Oð1Þ ð3:3Þ
where u0 is the magnitude of the mean ﬂow velocity, ut is a
characteristic eddy velocity, ℓt is a characteristic length of the
eddies, ϵt ¼ Re1T 51 according to Wilcox (2004, p. 11), ðν=νto1Þ
according to Hinze (1975, p. 626), and we have utilized the fact
thatω k-term has a same order of magnitude as the other ϵt1-terms
(Wilcox, 2004, p. 130).
For the ω-equation, it can also be characterized in the form of
(3.2). Hence we will not repeat its characterization process offered
for the k-equation shown in (3.3). In the subsequent analysis, we
stipulate that ν=νto1 holds for regions where energy dissipation
due to eddy-viscosity occur. This allows us to drop the ðν∇2kÞ-term
in the k-equation and the ðν∇2ωÞ-term in the ω-equation.
We now introduce the following scaling parameters:
ρs ¼ ρρf ; us ¼Uuf ; νs ¼ ννf ; νst ¼ νtνft ;
xs ¼ ℓuxf ; xst ¼ ℓtxft ; ks ¼ u2t kf ; ωs ¼Ωωf ; Re ¼Uℓu=ν
ð3:4Þ
where the superscript ðf ; sÞ denote the full and scaled models,
respectively, and the subscripts ðu; tÞ refer to the mean ﬂow and
turbulence quantity, respectively, and Re is a speciﬁc mean-ﬂow
Reynolds number. It is noted that the spatial operator, ð∂=∂x;∇Þ,
takes on two distinct scaling processes:
For mean flow :
∂ui
∂xj
 s
¼ U
ℓu
∂ui
∂xj
 f
For turbulence parameters : ð∇kÞs ¼ u
2
t
ℓt
 !
ð∇kÞf ; ð∇ωÞs ¼ Ω
ℓt
 !
ð∇ωÞf
ð3:5Þ
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Remark 2. We have used one characteristic length scale ℓt for
both the turbulence kinetic energy (k) and the dissipation variable
(ω), by assuming that most of the turbulence kinetic energy
is eventually dissipated. In addition, this characterization was
necessitated by the fact that only the turbulence kinetic
energy (k) is contained in the energy dissipation expression (see
Eq. (2.8)).
The steady state k–ω equation for the scale model can be
related to that for the full model by employing the scaling
parameterization relations given in Eqs. (3.4) and (3.5) as
kequation : u
2
t
ℓtℓu
 !
ðνReÞ uf  ð∇kÞf S1 ðνtgÞf
n o
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Oð1Þterms
ð3:6aÞ
σk
νtu2t
ℓ
2
t
 !
½ðνt∇2kÞf þð∇k  ∇νtÞf þS3 βðωkÞf
n o
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵtterms
¼ 0 ð3:6bÞ
S1 ¼
νtU2
ℓ
2
u
 !
=
u2t
ℓtℓu
 !
ðνReÞ
" #
; S3 ¼ ðΩu2t Þ=
νtu2t
ℓ
2
t
 !
ð3:6cÞ
ωequation : Ω
ℓtℓu
 
ðνReÞ uf  ð∇ωÞf S2 αℓ2uÞðgÞf
n o
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Oð1Þterms
ð3:6dÞ
σω
νtΩ
ℓ
2
t
 !
½ðνt∇2ωÞf þð∇ω  ∇νtÞf þS4 βnðω2Þf
n o
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ϵtterms
¼ 0 ð3:6eÞ
S2 ¼
U2
ℓ
2
u
 !
=
Ω
ℓtℓu
 
ðνReÞ
 
; S4 ¼ ðΩ2Þ=
νtΩ
ℓ
2
t
 !
ð3:6fÞ
Comparing the above expressions (3.6a)–(3.6f) for the scaled
model with those for the full model (3.1a)–(3.1c), in order for the
similarity to hold between the scaled and full models, we must
have
S1  1; S2  1; S3  1; S4  1 ð3:7Þ
from which we obtain the following relations:
From S1  1 : u2tpðνReÞνt
ℓt
ℓ
3
u
ð3:8aÞ
From S2  1 : ΩpðνReÞ
ℓt
ℓ
3
u
ð3:8bÞ
From S3  1 and S4  1 : νtpΩℓ2t ð3:8cÞ
+
νtpνRe
ℓt
ℓu
 3
and
u2t
U
2p
ℓt
ℓu
 4
ð3:8dÞ
For a cross check, we have performed a similarity analysis using
the k–ϵ turbulence model (Harlow and Nakayama, 1968; Yakhot et
al., 1992) and conﬁrmed that the same scaling relations are
obtained as derived in the preceding relation.
It is observed that the similarity parameters, νt and u2t (see Eq.
(3.8d)), depend on the characteristic length ratio ðℓt=ℓuÞ. This ratio
can be estimated from the Kolmogorov characteristic length
(Landau and Lifshitz, 1959; Hinze, 1975):
Kolmogorov characteristic length : η¼ ν
3
ϵ
 1=4
ð3:9aÞ
Dissipation rate : ϵ¼ βnωk ð3:9bÞ
The eddy dissipation length scale ratio ðℓtÞ can be obtained by
ℓt ¼ η
s
ηf
 
pðνÞ3=4 ðωkÞ
s
ðωkÞf
" #1=4
+
via ð3:8aÞ and ð3:8dÞ
ℓt
ℓu
 
pRe
1=3
; Re ¼ Re
s
Ref
ð3:10Þ
which constitutes an important theoretical result of the present
paper.
Remark 3. The above length scale ratio, viz., the ratio of the
Kolmogorov scale to the mean ﬂow characteristic length ðℓt=ℓuÞ
should not be confused with the ratio of the Kolmogorov scale to
the integral length scale(ℓint) deﬁned by (Wilcox, 1988, 2004)
ℓt
ℓint
¼ R3=4t ; Rt ¼ utℓint=ν; u2t ¼
2k
3
ð3:11Þ
for isotropic turbulence. An interesting relation that relates the
mean ﬂow length scale ratio ðℓuÞ (3.10) to the integral length scale
(3.11) can be obtained as
ℓintp ðR
3=4
t Re
1=3Þℓu ð3:12Þ
We defer the validity of the above result for future study.
4. A scaling law for prediction of form drag coefﬁcients
In this section we will utilize Eqs. (3.4), (3.8d) and (3.10)
for a theoretical derivation of an eddy resistance law required
in the performance assessment of full model vessels from a
limited data set of scale model tests and/or high-ﬁdelity CFD
calculations.
The energy dissipation due to eddy-viscosity for the scaled
model (2.8), Ets, can be expressed in terms of the full model
variables as
Est ¼
ρ
ℓu
 
νt
U
2
ℓt
 !
2
∂νt
∂xj
ρuiSij
 f
þ ρ
ℓu
 
νtU
2
ℓu
 !
2ρνt
∂
∂xj
uiSij
 f
þ ρνt ℓt
ℓu
 2
U
ℓu
 !2
ut
U
 28<
:
9=
; σnρ∂νt∂xj ∂k∂xjþσnρνt∂
2k
∂x2j
" #f
ð4:1Þ
In order to relate the energy loss due to eddy viscosity of the scale
model ðEst Þ to that of the full model ðEft Þ, we introduce the following
relations:
c1 ¼ 2
∂νt
∂xj
ρuiSij
 f
=Eft ; c2 ¼ 2ρνt
∂
∂xj
uiSij
 f
=Eft ;
c3 ¼ σn ρ
∂νt
∂xj
∂k
∂xj
þρνt∂
2k
∂x2j
" #f
=Eft ; c1þc2þc3 ¼ 1 ð4:2Þ
Remark 4. The three turbulent energy dissipation terms asso-
ciated with the coefﬁcients ðc1; c2; c3Þ represent the energy dis-
sipation due to spatial changes in kinematic eddy viscosity (νt),
shear strains of mean ﬂows (Sij) à la the Boussinesq hypothesis,
and the turbulent kinetic energy(k), respectively.
Substituting (4.2) into (4.1) and making use of (3.10), we arrive
at the following scaling relation:
Est ¼ c1
ℓt
ℓu
 1
þc2þc3
ℓt
ℓu
 2( )
ðρνtÞ
U
ℓu
 !2
Eft
+
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Est ¼ c1Re
1=3þc2þc3Re
2=3n oðρνÞ U
ℓu
 !2
Eft|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
via equation ð3:10Þ
ð4:3Þ
Substituting (4.3) into the form drag coefﬁcient ratio given by
(2.10), together with (3.8d) for ut , we obtain
Cp ¼
Csp
Cfp
¼ E
s
t
Eft
" #
ℓu
ρU
2
ut
" #
¼ c1þc2Re
1=3þc3Re
1
; Re ¼ Res=Ref
ð4:4Þ
Conversely, the reciprocal of the preceding relation can be
expressed as
C^ p ¼ 1
Cp
¼ C
f
p
Csp
¼ c1þc2Re
1=3þc3Re; Re ¼ Res=Ref ð4:5Þ
The preceding derivation indicates that the ratio of the form drag
coefﬁcients of two geometrically similar vessels depends only on
the mean-ﬂow Reynolds number ratio ðRe ¼ Res=Ref Þ.
When one adopts the ITTC practice, the form drag coefﬁcient
(Cp) is expressed in terms of the friction resistance coefﬁcient (Cf)
and the form factor (Kf) as
Cfp ¼ Kf Cff ; C
s
p ¼ KsCsf ;
Cf ¼ 0:075=ðlog 10 Re2Þ2
Â
A la ITTC practice: ð4:6Þ
where super and subscripts ðs; f Þ refer to the scale model and full
model vessels, respectively.
Substitution of (4.6) into (4.4), after some algebraic arrange-
ments, yields
Ks
Kf
¼ ½c1þc2Re
1=3þc3Re
1ðCff =C
s
f Þ; ∑
3
i ¼ 1
ci ¼ 1 ð4:7Þ
Observe that once the coefﬁcients ðci; i¼ 1;2;3:Þ are determined
from three data points either from experiments or high-ﬁdelity
CFD data, the full-scale form factor (Kf) can then be predicted.
Alternatively, one may utilize (4.5) to obtain the following form
factor prediction formula:
Kf
Ks
¼ ½c1þc2Re
1=3þc3ReðCsf =Cff Þ; ∑
3
i ¼ 1
ci ¼ 1 ð4:8Þ
Remark 5. A least-squares formula is often employed to utilize
the experimental data to obtain full model form factors, which can
be expressed as (see Tzabiras, 1992)
Kf ¼ Ksþcðλ1Þ; λ¼
Lf
Ls
ð4:9Þ
where λ is the ratio of the full model to the scale model lengths
and c is a proportionality constant.
As geometrically similar scale models adopt the same Froude
number (Fr), we have
Frf ¼ Frs ) U
fﬃﬃﬃﬃﬃﬃﬃ
gLf
q ¼ Usﬃﬃﬃﬃﬃﬃﬃ
gLs
p
+
Us
Uf
¼
ﬃﬃﬃﬃ
Ls
Lf
s
¼ λ1=2 ð4:10Þ
Therefore, the scale ratio (λ) can be expressed in terms of the
Reynolds number ratio Re ¼ Res=Ref using (4.10) as
Res
Ref
¼ ν1U
s
Uf
Ls
Lf
¼ ν1 L
s
Lf
 3=2
¼ ν1λ3=2
+
λ¼ Re2=3 provided ν ¼ 1 ð4:11Þ
Hence, the least-square ﬁt based on a linear scale ratio (4.9) can be
expressed as
Ks
Kf
¼ ð1þcÞcRe2=3; c ¼ c=Kf ð4:12Þ
Comparing the present theory (4.7) and the least-square ﬁt based
on the linear scale law (4.9), we observe that the least-square
data-ﬁt formula (4.9) can be thought of as an exponentially
averaged formula
αRe
2=3 (|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
ExponentialAveraging: 2=3 (1=2ð1=31Þ
α1Re
1=3þα2Re
1
ð4:13Þ
However, we submit that our observation has no rational basis at
present. We will evaluate these two formulas in the next section.
5. Correlation studies
A standard procedure for validation of a new theory would
involve correlations with experiments and/or comparison with
existing accepted theories. As alluded to in Introduction, there
exists no established theory for predicting form factors. In addi-
tion, to the best of the present authors' knowledge, there appears
to be no full-scale experiment data available in the open literature.
Thus, we are motivated to seek for an alternative route, which is to
rely on CFD-generated full-model form factors for validating the
present theory (4.7). To this end, we ﬁrst obtain the undetermined
closure coefﬁcients ðc1; c2; c3Þ in the present theory. Then, the full
model form factor (Kf) can be predicted in terms of ðRe;Ks;Csf =Cff Þ.
5.1. Determination of closure coefﬁcients ðc1; c2; c3Þ of present theory
After searching through open literature, we have chosen
Tzabiras (1992) and Kouh et al. (2009) for the determination of
the three closure coefﬁcients of the present theory. Among the six
CFD-based results reported in Kouh et al. (2009), we have decided
to use the DTMB 4515 while its shape is quite different from a
ﬁshing vessel-type used in Tzabiras (1992), their form factor
variations statistically resemble each other.
In determining the closure coefﬁcients, we have used the three
data sets listed in Table 1.
Utilizing the Tzabiras CFD data set (Tzabiras, 1992) shown in
Table 1, we obtain
Using P1 and P2 set :
0:101
0:133
¼ c1þc2
1:26 106
107
 !1=3
þc3
1:26 106
107
 !124
3
5=C12f
C
12
f ¼
ðlog ð107Þ2Þ2
ðlog ð1:26 106Þ2Þ2
via ITTC formula
Using P2 and P3 set :
0:133
0:158
¼ c1þc2
107
108
 !1=3
þc3
107
108
 !124
3
5=C23f
C
23
f ¼
ðlog ð108Þ2Þ2
ðlog ð107Þ2Þ2
Consistency condition :
c1þc2þc3 ¼ 1
+
c1 ¼ 0:7919; c2 ¼ 0:2116; c3 ¼ 0:0036; ð5:1Þ
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Likewise, utilizing the DTMB CFD data set (Kouh et al., 2009)
shown in Table 1, we obtain
Using P1 and P2 set :
0:2017
0:2150
¼ c1þc2
307
108
 !1=3
þc3
307
1:08
 !124
3
5=C12f
C
12
f ¼
ðlog ð108Þ2Þ2
ðlog ð3 107Þ2Þ2
 !
via ITTC formula
Using P2 and P3 set :
0:2150
0:2305
¼ c1þc2
108
3 108
 !1=3
þc3
108
3 108
 !124
3
5=C23f
C
23
f ¼
ðlog ð3 108Þ2Þ2
ðlog ð108Þ2Þ2
Consistency Condition :
c1þc2þc3 ¼ 1
+
c1 ¼ 0:7728; c2 ¼ 0:2358; c3 ¼ 0:0084; ð5:2Þ
Averaging the preceding two closure sets, we obtain
c1 ¼ 0:782388; c2 ¼ 0:223720; c3 ¼ 0:006108 ð5:3Þ
which will be used in subsequent validation assessment.
For a consistent comparison purpose, we have modiﬁed the
least-squares data-ﬁt formula proposed by García-Gómez (2000)
to ﬁt the CFD results given by Tzabiras (1992) and the DTMB 5415
of the Kouh et al. (2009) to arrive at
Kf ¼ Ksþ1:038178 103ðλ1Þ; λ¼ Re
2=3 ð5:4Þ
5.2. Initial validation of present theory
The closure coefﬁcients obtained for the present theory (5.3)
based on CFD-generated data are employed to predict the full-
model form factors, which are then compared with the CFD-
generated full model form factors. In so doing, we have found that
a too large jump of the full model Reynolds number (Ref) from that
of the scale model (Res) can lead to erroneous predictions of Kf.
Hence, we have adopted the following incremental extrapolation
procedure akin to Richardson's extrapolation:
Compute : dRe¼ ðRef ResÞ=N such that dRe=Reso1 ð5:5aÞ
Loop : for n¼ 1 : N do
Increment : Ren ¼ ResþdRe- Re ¼ Res=Ren ð5:5bÞ
Compute : Knf via Eq: ð4:7Þ using ð5:3Þ ð5:5cÞ
Update : Kns ¼ Knf ; Res ¼ Ren ð5:5dÞ
Go to Loop
Convergence of the preceding procedure is veriﬁed by decreasing
the size of Reynolds number increments (dRe), and it is found that
N¼ 10;000 gave adequate convergence for all the cases computed.
It should be emphasized that we have used the same coefﬁcients
(5.3) for predicting the form factors of the six vessels in the
column of Present theory in Table 2.
In addition, we have computed the full model form factors
using three data points. For example, for the case of the Tzabiras
model ship listed in Table 1, three test data sets, viz.,
fP1¼ ðRes ¼ 1:26 106; Ks ¼ 0:101Þ; P2¼ ðRes ¼ 107;Ks ¼ 0:133Þ;
P3¼ ðRes ¼ 108; Ks ¼ 0:158Þg, have been used to predict the three
full model form factors Kf corresponding to full model Reynolds
number Re¼ 109. We then obtained the average of the three full
model form factors. The one that has the least deviation from the
average value is the one we have selected, which happens to be
Kf¼0.1837 which is listed in Table 1. A similar procedure is used to
predict the full model form factors for the least squares formula (5.4).
The full model form factors predicted by the present theory (4.7)
and the least-squares data-ﬁtting formula (5.4) are summarized in
Table 1. Note that the CFD-predicted form factors for full models are
regarded as reference values. Comparing the ℓ2-norm errors of the
present theory vs. the least-squares predictions of full model form
factors, we ﬁnd that the least-squares ﬁt formula (5.4) leads to
5.5 times (6.45%) that of the present theory (1.19%). Hence, at least in
terms of CFD-generated form factors, the present theory outperforms
the least-squares formula that has been utilized in ship resistance
prediction.
5.3. Performance of present theory using experimental scale model
tests data
As a second validation step, we will examine the four scale
model test data reported in García-Gómez (2000). It should be
emphasized, as noted already, that no full-scale model form
factors have been reported in open literature. This is summarized
in Table 2.
Once again, it is reminded that the four full model form factors
listed in Individual estimation shown in Table 2 are predicted values
employing case-by-case least-squares formula based on scale model
test data, with the exception of the CFD-generated cases for which
full model form factors are obtained via CFD simulations. Never-
theless, in the absence of full model form factors, we have decided
to use it as reference values. When applied to the form factor
predictions of the four test vessels, the present theory (4.7) with the
closure coefﬁcients obtained from two CFD-simulation data (5.3)
yields far lower ℓ2 norm errors (11.5%) as compared to the least-
squares formula (5.4) (30.5%).
Out of curiosity, we used the least-squares formula developed
in García-Gómez (2000) which reads
Kf ¼ Ksþ1:91 103ðRe
2=31Þ ð5:6Þ
Table 1
Experimental and CFD-generated data for present study.
Vessel CFD scale model result Full model form factor
P1 P2 P3 CFD full model result Least-squares
prediction (5.4)
Present theory
(4.7) and (5.3)
Tzabiras (1992) Re 1.26eþ6 1.0eþ7 1.0eþ8 1.0eþ9
K 0.101 0.133 0.158 0.1840 0.1958 0.1837
Kouh Re 3.0eþ7 1.0eþ8 3.0eþ8 1.0eþ9
DTMB (Kouh et al., 2009) K 0.2017 0.2150 0.2305 0.2450 0.2433 0.2479
ℓ2-norm error 0.0% 6.45% 1.19%
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which gives the corresponding ℓ2 error norm of 18.86%. It must be
emphasized that the least-squares formula offered by García-
Gómez (2000) was tailored to take full advantage of the four scale
model experiment data. Nevertheless, García-Gómez's formula
(5.6) yields its ℓ2-norm error higher than the six data prediction
error of the present theory (11.5%).
6. Discussions
A theory for the prediction of the form factors for surface
vessels subjected to turbulent incompressible ﬂows is developed,
which can be used to estimate the form drags for new geome-
trically similar vessels, provided there exists form drag database of
existing scale model vessels. Derivation of the present form drag
scaling law is founded on a hypothesis that stipulates the energy
loss due to eddy viscosity dissipation away from the wetted
surface which constitutes the dominant mechanisms of energy
loss due to viscous pressure-caused form drag. In other words,
whereas the derivation of the turbulent skin friction is founded on
a direct method utilizing the local characteristics of turbulent ﬂow
in the boundary layer, the present derivation of the form drag
scaling law is obtained by an indirect method. An appealing
feature of the present form drag scaling law is that it depends
only on the Reynolds number ratio of new and existing vessels,
just as the skin friction laws do. The two independent closure
coefﬁcients can be determined from three distinct scale model
data either from experiments or CFD-generated data set. To the
best of our knowledge, the proposed form drag prediction theory
(4.7) is its ﬁrst kind. We now offer further comments regarding the
limitations of the present work:
 The validity of the present viscous resistance coefﬁcient for-
mula (4.7) for a wide class of vessels is not fully established,
and is restricted to the four test data plus two CFD-results. A
more comprehensive correlation study needs to be undertaken
before it can be accepted to the hydrodynamics community in
general.
 The range of Reynolds numbers for which the present form
factor formula remains valid has not been identiﬁed. One
fruitful area may be to explore the use of the so-called effective
Reynolds number (see, e.g., Aspden et al., 2008) for establishing
the Reynolds number ranges for which the present form factor
formula remain valid. This merits a further study.
 The present analysis assumes that the present similarity rela-
tions derived for the characterization of form drag uniformly
hold beyond the viscous sublayer (see, e.g., Barenblatt et al.,
2000; Barenblatt, 2003 for the modeling of an intermediate
region for which the similarity exponents become Reynolds
number dependent). An adaptation of such a theory for an
accurate prediction of ship resistance requires carefully carried-
out experimental data, which is wanting to the best of our
knowledge.
 The present analysis is restricted to steady state ﬂows. Since
energy dissipation occurs at the smallest eddy scales (Hinze,
1975), we have invoked Kolmogorov's original hypothesis: “…
the ﬁne pulsations of the higher orders are subjected to approxi-
mately space-isotropic statistical régime. Within small time-
intervals it is natural to consider this régime approximately steady
even in the case, when the ﬂow in the whole is not steady
(Kolmogorov, 1991, p. 10).” However, the characteristic wave-
length changes from the mean ﬂow all the way to the smallest
eddy scales may be inﬂuenced by transient phenomena. The
absence of time scales in the present analysis may turn out to
be another attributes that need to be addressed.
 In applying the k–ω turbulence model, we have found that it
does not enjoy a complete similarity, and thus we have
employed a perturbation approach such that similarity rela-
tions hold separately for Oð1Þ and ϵt51-terms (see Eqs. (3.6)–
(3.8)). This is introduced as a mathematical convenience, rather
than on a physically rational ground. An analysis of fully
coupled nonlinear behavior may shed further insight into the
eddy viscosity and length scale relations. Nevertheless, the
step-by-step procedure for deriving the form drag scaling law
developed in the present paper can be applied to other
turbulence models.
 The present work indicates that it may be argued that the κ–ω
turbulence model may implicitly handle a breakdown of a
complete similarity. To the best of our knowledge, no credible
theory exists to conﬁrm or deny such a conjecture.
Table 2
Experimental and CFD-generated data for present study.
Vessel Scale model test Full model form factor
Individual estimates Least squaresd Present theorye
Ore Re 4.19eþ6 9.65eþ6 1.56eþ7 Not 1.95eþ9
Carrier K 0.198 0.227 0.272 available 0.307a 0.2969 0.3231
Tina Re 2.0eþ6 3.07eþ6 5.65eþ6 7.9eþ6 1.43eþ9
Onassis K 0.044 0.071 0.128 0.132 0.197a 0.1381 0.1973
Victory Re 1.86eþ6 3.41eþ6 7.83eþ6 1.13eþ7 8.64eþ8
K 0.077 0.105 0.130 0.152 0.173a 0.1697 0.1682
Lucy Re 5.96eþ6 9.18eþ6 1.68eþ7 2.36eþ7 3.77eþ8
Ashton K 0.016 0.029 0.039 0.04 0.055a 0.0455 0.0496
Tzabirasb Re 1.26eþ6 1.0eþ7 1.0eþ8 Not 1.0eþ9
K 0.101 0.133 0.158 available 0.184c 0.1958 0.1837
Kouhb Re 3.0eþ7 1.0eþ8 3.0eþ8 Not 1.0eþ9
DTMB K 0.2017 0.2150 0.2305 available 0.2450c 0.2433 0.2479
ℓ2-norm
error 0.0%f 30.54% 11.5%
a Estimated form factor for full models reported in García-Gómez (2000) based on least-square ﬁt formula using the experimental data of each vessel.
b CFD simulated results (Tzabiras, 1992).
c Full model form factor computed via CFD.
d Based on the least-squares formula (5.4).
e Based on the present theory (4.7) whose coefﬁcients (5.3) are determined with the Tzabiras CFD-generated data and the DTMB 5415 data set reported in Kouh et al.
(2009).
f In the absence of the measured full model form factors for experimental scale model tests, the individually estimated full model form factors are used as reference
values.
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 Future work would focus on a classiﬁcation of the vessel types
and their geosym experimental and CFD-generated data analy-
sis. This would increase the ﬁdelity of the present theory for
predicting form factors more realistically. This and related
thrusts are being investigated.
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